ISRAEL JOURNAL OF MATHEMATICS 139 (2004), 11-28

ASSOCIATIVE TRIPLES
AND THE YANG-BAXTER EQUATION

BY

A. 1. Mubrov

Department of Mathematics, Bar Illan University,
52900 Ramat Gan, Israel
e-mail: mudrova@math.biv.ac.il

ABSTRACT

We introduce triples of associative algebras as a tool for building
solutions to the Yang—Baxter equation. It turns out that the class of
R-matrices thus obfained is related to a Hecke-like condition, which is
formulated in the framework of associative algebras with non-degenerate
symmetric cyclic inner product. R-matrices for a subclass of the Ay,-type
Belavin-Drinfel’d triples arc derived in this way.

1. Introduction

The canonical Faddeev -Reshetikhin—Takhtajan recipe [RTF] for constructing
quantum matrix groups is based on a solution to the Yang-Baxter equation
(YBE), which is assumed to be a preori known. On the other hand, the theory
of quantum groups, [D], was designed as an environment for constructing such
solutions, which are of interest for mathematics and physics. A quantum group
or a quasitriangular Hopf algebra, H, possesses an element R € ‘H © H called a
universal R-matrix that satisfies the YBE in H3. The universal R-matrix yields
a family of matrix solutions to the YBE associated with representations of .
The quasi-classical limit of the YBE, the classical Yang-Baxter equation
{(cYBE), has a clear algebraic interpretation in terms of Manin triples, which
have been classified for the semisimple Lie algebras in [BD]. The possibility to
quantize an arbitrary Manin triple to a quasitriangular Hopf algebra has been
proven in [EK]. In the case of semisimple Lie algebras, rather complicated al-
though explicit formulas for universal R-matrices have been derived, [ESS]. At
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the same time, one can raise the question what structure particulars of an asso-
ciative ring itself may responsible for the YBE, without appealing to the intricate
technique of the Hopf algebra theory. An explicit formula for R-matrices relative
to sl,,(C), known as the GGS conjecture, was proposed in [GGS]. It was confirmed
in many cases, [GH, Schl], and a combinatorial proof has been found recently in
[Sch2]. In the present paper, we pursue another approach to the YBE, making
use of the cyclic inner product in associative algebras and keeping an analogy
with Manin triples. Such a point of view has led us to a definition of associative
Manin (M-) triples, which allow us to explain many examples and quantize a
wide class of Belavin—Drinfel’d triples associated with the special linear Lie al-
gebras. In M-triples, R-matrices naturally split into the sum of two solutions to
the YBE, one of them being a part of the canonical element of the inner product
and the other belonging to a smaller subalgebra. That “smaller” solution turns
out to satisfy a Hecke-like condition in algebras with non-degenerate symmetric
cyclic inner product. The problem of building R-matrices in a given algebra, R,
is thus reduced to finding an M-triple (if that is possible) with its total algebra
M being an extension of R. When R = Mat,, (C), we consider a proper extension
of Mat,, (C) & Mat,,(C) for the role of 9.

2. Symmetric algebras and YBE

2.1. Throughout the paper, we assume 9 to be a finite-dimensional unital
associative algebra over C. We suppose that 9 is endowed with a symmetric
cyclic inner product (-, }gn = (-, ), a bilinear map from M @ M to C such that

(a1, a2) = (ag,a1), (oo, a3) = (a9, aza;y) for all a; € M.

We assume (-,-) to be non-degenerate (the induced natural map M — M is
a linear isomorphism) and call such algebras symmetric. For unital algebras,
symmetric cyclic inner products are in one-to-one correspondence with linear
functionals ton obeying tom(af) = tm(Ba) = (a,B)m for all o, 8 € M. An
example is a matrix algebra with the trace functional.

Definition 1: Let {o;} be a basis in 9 and {a'} its dual: (a;,a¥) = 6F (the
Kronecker symbols). The element* ooy = a; ® o’ € 9M®2, which does not depend
on the choice of {a'}, is called permutation in 9.

* Implicit summation over repeating upper and lower indices is understood through-
out the paper.
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In the endomorphism algebra of the vector space C* with the trace functional,
the permutation is the flip operator: @y~ y @z € C* @ C*. In general, one
has (a ® B)om = oom(B © «) for all a, 5 € M.

2.2. The Yang-Baxter equation in 9M®3 reads
(1) Ri2R13R23 = Ra23Ri3Ri2,

where R € 9M?? and the subscripts specify a way of embedding 9t®? into M3,
Assuming R = 1® 1+ Ar + o()), A € C, the element r € 9M®? satisfies the
classical Yang-Baxter equation in 9193:

(2) [ri2, 718} + [r12, 723] + [r13, 23] = 0.

The square brackets mean the commutator [ay, ag] = a0z — agay, a; € M.

ProposITION 1 ([BFS]): Permutation satisfies the YBE.

2.3. Recall, [D], that a Manin triple (g, a, a*) comprises a Lie algebra g with
a non-degenerate ad-invariant symmetric inner product and its two lagrangian
(maximal isotropic) Lie subalgebras a and a* with the zero intersection. The
canonical element a; @ 3° € a ® a* solves the cYBE. To find a quantum analog
of this construction, consider first the situation when a Manin triple, (9, 2, A*),
is formed by the commutator Lie algebras of associative algebras, and the ad-
invariant two-form is at the same time a cyclic inner product in 9. Consider
A and U* as bimodules over each other, the left (>) and right (<) actions being
induced via duality from the regular right and left representations. The product
in 9M is expressed by the formula

3) aB=abB+a48, Ba=pBva+Bg9a, acd BeA*.
Associativity is encoded in the following two equations:

(a1b Pryaz 4 B) + (o 4 1, 02D B2)
(4) = (fibag B2<0q) + (B1 <0, Baday),
(5) (B2 a2, 01D By) + (@1 9 81, B2 4ag) = (azan, £132),

for all aq, a9 € A and By, 32 € A*.

Conversely, given associative algebras 2 and 2* dual as linear spaces let us
extend their multiplication to the linear sum 2 4+ 2* by formula (3). This makes
A + A* an associative algebra, A pa A*, provided the actions < and > satisfy
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conditions (4) and (5). Then the natural pairing between 2 and 2* induces a
non-degenerate symmetric cyclic inner product in 9t = 2 >4 A* such that A and
A* are isotropic. The following statement holds true.

PROPOSITION 2: The canonical element o; ® o € A @ A* C MD? satisfies the
YBE.

Proof: This is a corollary of Proposition 4 below. n

Remark 3: Let us note that % from the triple (9,2, A*) is an infinitesimal
bialgebra in the sense of [JR], i.e., equipped with a coassociative comultiplication
A: A — A @ A satisfying the cocycle condition

(6) A(alag) = (1®a1)A(a2) +A(O£1)(012®1)

for oy, a9 € U. The map A is dual conjugate to the multiplication in %A*. It is
easy to see that equation (6) is equivalent to condition (5). A coproduct is called
a coboundary if A(a) = (1® a)r — r(a ® 1), where 7 is an element from A ® 2.
For A to be coassociative, r is required to satisfy the associative Yang-Baxter
equation, [A1],

(7) ri27r13 — ro3riz + rizray = 0.

One can show that A < A* is a coboundary infinitesimal bialgebra with
r = a; ® of. It may be called a double of %, by analogy with the Lie
bialgebra double.

Example 1: Due to condition (5), the algebras & and %* cannot he simultane-
ously unital or they would consist of the zero elements only. Nevertheless, the
algebra % b A* may have unit. Then the sum

(8) 101+ @a

is also a solution to the YBE for an arbitrary value of the scalar parameter A (cf.
concluding remarks). This is true because (90,9, A*) is a Manin triple of the
corresponding commutator Lie algebras. Let us give an example, rather infinite-
dimensional, describing the XXX-spin chains in the theory of integrable models
[F,KS]. It is related to the Yang matrix

P
2l
z—u

(9) Riz,uy)=1®1+ A
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where P is the conventional permutation operator acting on C* @ C*. The
element —— is a brief way of writing the formal power series ;- ;’ﬁi—l It

represents the canonical element of pairing Reso between C[z] and 1C[L]. In
this example, the algebra 2 o A* is formed by the Laurent polynomials with
matrix coefficients, but R(z, ) requires extension by the Laurent series (and an
appropriate completion of tensor products).

2.4. Propositions 1 and 2 can be understood with the help of the following
construction. Let ‘ﬂi be two linear subspaces in 9 mutually dual via the inner
product. There exist two bijections ‘ﬂi — ‘R; giving rise to the projectors

(10) T M= Ny, 7wy e aalp, BY),
(11) 7r_:9)“(——>‘)~?_, ﬂ_:uk—)(ai,u)ﬁi,

where {o;} is a base in N, and {F} its dual in M_. The choice of {o;} does not
affect 7. Consider the subspaces

(12) Q‘ii = {u eM I 7!';};(&1[1,)042 = ami(uag),Val,ag (S {ﬁi}

They contain the normalizers for ﬁi, i.e., the maximal subalgebras in 9 for
which 914 are bimodules. In particular, My C My if Ny are subalgebras.

PROPOSITION 4: Suppose I is spanned by M_ and ﬁ+ as a linear space. Then
the canonical element Q = a; ® 8 € My @ N_ C IM®? satisfies the YBE.

Proof: Let us check the YBE by pairing its middle tensor component with
elements of 9, and 9M_ separately. That will be sufficient for the proof, since
they span the entire 9. For arbitrary g € M, the Yang-Baxter equation

a0y © (Blag, 1) @ B 8F = ajay @ (o', ) © 5B
can be rewritten as
o © (B app) © BB = aja; © (B, pay) © B*47,
and therefore as
T (arp)a; @ BB = agmy (na) @ BH4 .

This equation holds by the definition of Effl+, cf. formula (12). Similarly, one can
check the YBE by pairing the middle tensor component with an element from
m_. 1
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Proposition 4 is an apparent generalization of Proposition 1, because then
M. =My = M. It also implies Proposition 2: then one has

52-4’&.}.3&_%&_’_:%.

In either case the sum of normalizers of M. gives the whole 9. Let us present
an example where the normalizers are quite small whereas 9. coincide with 9.

Example 2:  Take 9 to be the algebra Mat, (C) of n x n complex matrices and
denote by 62 the standard matrix base elements. Let ¢ be a permutation of the
set of indices I = {1,...,n}. Put M, = span{ef(z)}id and M_ = span{e} ; }
then the canonical element with respect to the trace pairing is

- (& i
Q = Zef ! ®€Za(z)

iel

il

Now observe that ﬁ;r = M. Indeed, for any matrix u = ufel € 9M one has

79y = w267 ™ and my (] Vu) =

74+ (ue; = ule; 7( S0 one gets the identity

. o? . .
7r+(eg(l) )ed o(k) _ 50(16) 0 (k) _ Zgzgéf(k) (ky _ ‘7(')77+(ue2(k)).

Note that the normalizers of £ consist of diagonal matrices only.

Proposition 4 supplies us with solutions to the YBE that may seem to be quite
distant from those related to quantum groups. We will use it for constructing
R-matrices of real interest.

3. Associative Manin triples

3.1. Let a symmetric algebra 9 be a linear sum (not necessarily direct) of its
two subalgebras, M = M_ + M. Let Ny C M, denote the kernels of the inner
product restricted to 9. They are two-sided ideals in M.

Definition 2: We call (91,9, 9M_) an associative Manin triple (or simply
M-triple) with diagonal ® = 9t N M_ if the composition maps

(13) DoIWM, -»M /Ny, DM - M_/N_

are isomorphisms. A triple is called trivial if it coincides with D and disjoint
if ® = {0}.
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PROPOSITION 5: Let (M, M_, 9. ) be an M-triple. Then

(1) N_ is dual to M with respect to the inner product,

(2) My are D-invariant,

(3) @ is orthogonal to M_ +MN,.
Conversely, let 9 be decomposed into the linear sum M = N_ + D + N, of
subalgebras fulfilling these three conditions. If M is unital and 1 € D, then M
and My = D + Ny form an M-triple.

Proof: Conditions (2) and (3) readily follow from Definition 2. To prove condi-
tion (1), observe that ® NNy = {0}. This is a consequence of the isomorphisms
between ® and My /Ny, cf. formula (13). By the same argument, restriction of
(.,.) to D is non-degenerate. Combining this with condition (3) we find that M4
are dual to each other, being isotropic subalgebras with zero intersection.

Conversely, suppose the algebras D and M. in the linear decomposition of M
satisfy the conditions of the proposition. Condition (3) implies that restriction
of (.,.) to D is non-degenerate. Since D contains unit, the subalgebras 94
are isotropic. Indeed, for all oy, g € My one has (a5, a2) = (ajasz, 1) = 0.
Put My = D + Ny; then Ny are the kernels of (.,.) restricted to M4 and
D =My /N, |

3.2.  Associative Manin triples form a category, AT, with a subcategory AT,
of trivial triples. Morphisms in AT are algebra maps preserving the elements of
triples. The category A7 admits the following operations with objects:

(1) Transposition 90U

(O M ) = (MM, M), tow = toy.
(2) Direct sum MM B M2,
(M &%, ML B M2 ML B ML), topigme = tam D tone.
(3) Tensor product by objects of AT .
AoMmAoM_AoMy), A€ AT, tagm =ty @ ton.
(4) Double D(9M).
DOM)=DaMaeM, D), =DM Id(M),
DM =232 dD)+ {0} N, dN_,
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In the definition of D(9M)_ we identify the first and last copies of D. The
diagonal of this triple is © @ Id(D) & Id(D). In the definition of tpan),
we assume tp = tox|p, and the restriction of ¢ p(am) to the third addend
coincides with —tgy (that is reflected by the notation).

(5) Skew double S(9t). This is a disjoint triple 9 <1 IM* of an algebra 9 and
its dual 9M* equipped with the nil multiplication.

4. Associative Manin triples and YBE

4.1. In this section we use M-triples introduced in Section 3 to construct soli-
tions to the YBE. Let us give one more definition before formulating the basic
statement of the paper.

Definition 3: An element S € M®?, where M is a symmetric algebra, is said to
satisfy the Hecke condition in 919? if

(14) S215—0’gm52/\2(1®1)
for some scalar .

It is convenient to put 1/X = w = q — ¢! assuming ¢®> # 1 and A # 0. For
the matrix algebra 9t = Mat,, (C) with the trace pairing, this is the conventional
Hecke condition. Then ¢2, = 1®1 and one can combine S with agy getting a close

quadratic equation on ogrS. In general, the permutation ogn is not invertible,
[BFS].

THEOREM 6: Let (9N, M_, M) be an M-triple with the diagonal ®. Then the
canonical element @ € M, ® MN_ with respect to the inner product satisfies
the YBE. Let S € ©%? satisfy the YBE and Hecke condition. Then the sum
R =S5+ Q € M®? is a solution to the YBE.

Proof: The first assertion follows from Proposition 4, where we put ‘ﬁi =M.
Indeed, M. are bimodules for My C ‘jﬁi and M_ + M, =M.

Let us prove the second assertion. The element @) interacts with elements of
D like the permutation: (6 ® 62)Q = Q(d2 ® 61) for all 81,09 € ®. Therefore S
and @ satisfy the system of equations

(15) S512513Q23 = 23513512, Q12513523 = S23513Q12-
The Yang-Baxter equation (1) for the sum R = S + @ reduces to the equation

S512Q13Q023 + Q12513Q23 + Q1213523 + 512G 13533

(16)
=Q23Q 13512 + Q23513Q12 + S23Q13Q12 + S23Q13512,
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if S is a solution to the YBE. Put § = §; ® 8 € D92 and rewrite (16) as
dic; © 8o @ B AF 4 i85 © By, © 8 BF + oy @ B8y, @ 0%
+ di0; © 80, © 08
= ;6 © 8" @ BB+ 00 @ L@ B + ajoy @ 6Bt © 5k pi
+a;6; © 8,6 @6 .

(17)

It suffices to check this identity by separately pairing its middle tensor component
with elements from 914 and D since they altogether span 91.

STEP 1 (Pairing with o € M ):
0+ apad; @ 8 BF + Sraa; O F16% +0 = 0+ §jam @ B4 + ajad, © 6547 + 0.
STEP 2 (Pairing with 5 € M_):

bic; 0 B8 + 6, © BN + 0+ 0= ;6 @0 BB + 850, @ F1H8 40+ 0.

STEP 3 (Pairing with § € ®): The first and third terms on each side turn zero.
In the fourth terms, we perform the substitution S — ogp of the last factors,
employing the Hecke condition. For example,

S12Q13523 = 512521Q13 = (S12(09)12 + A1) Q13 = S12Q13(0p )23 + A2 Q3.

The last term will appear on both sides of the equation and thus vanishes. The
resulting equation is

0+ (Yi(S]‘ © SJ&/f + 0+ 6,'(1]' ® /3J($(§l =0+ (Sj(li (o) ﬁlésj + 0+ ajéi @ Sidﬁj,
and it holds identically. n

4.2. Introduction of associative Manin triples is motivated by the idea of re-
ducing the YBE in 2 to that in a smaller algebra © C 9R. Propositions 1 and
2 describe two extreme cases of trivial and disjoint triples providing quite exotic
examples. To find more interesting solutions, one has to admit non-trivial D
and D1y simultaneously. Such applications are considered in the remainder of the
paper, and this section is completed with the following statement.

-

PROPOSITION 7: Let 9 be an M-triple with the diagonal ® and S satisfy the
Hecke condition in ®®2. Then, the element R = S + Q satisfies the Hecke
condition in M®? if and only if o5Q + Q% = 0.
Proof: Taking into account S9;0Q = QS and ooy = op + Q + @21, one has
Ro1R = 5315 + 501Q + Q215 + @ Q
=M1 1D +omS+QuQ =X X1®1)+omR—00Q — Q2
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as required. |

Example 3 (Jimbo R-matrix for sl,(C), [J]): One can build, by recursion,

(18) n—qu ®e+Ze®e +wZe®el, w=gq-q L,

11_7#11 ’L<] 1
if one puts
n—1
M = Mat, (C), My = > Ce} +ZC€’ and M_ = Zcel +Z(Ce"
3,j=1 i=1 3,j=1

The functional tgy is taken to be the matrix trace. Thus the isotropic subalgebra
N, is formed by the last matrix column without the bottom entry. Its dual
91_ is spanned by the bottom matrix line excepting the right-most diagonal
element. The subalgebra D is Mat,,1(C) ® Cel?. The one-dimensional R-matrix
Ry = ge ® el fulfills the Hecke condition in Mat,(C). Suppose, by induction,
that the same holds true for the matrix R,_; € Mat®?,(C). The direct sum
R,,_1 + R, satisfies the Yang—Baxter equation but not the Hecke condition since
the unit matrix 1,, ® 1,, is not equal to the sum 1,,_; ®1,_, +1; ®1;. To fix the
situation, we put wS =R, 1+ R+ P,_1® P, + P, ® P,_, where P,,_; and P;
stand for the projectors from C* to C*~! & {0} and {0} & C. Thus defined, S
solves the Yang-Baxter equation and satisfies the Hecke condition. The matrix
Q= Z?;ll el, @ e fulfills the condition of Proposition 7, s0 S+ Q = 5Rn is the
Hecke matrix by induction.

Let us consider another representation of Mat,, (C) as an M-triple, taking 9,
to be the subalgebras of upper and lower triangular matrices. Then D is a
commutative algebra, C*, formed by diagonal matrices. To construct a solution
to the YBE, following Theorem 6, we should satisfy the Hecke condition (14) for
the symmetric algebra ® = C".

PROPOSITION 8: A Hecke matrix in C* ©C" has the form S = Y0, _, a*ef e,
where

(19) a = ¢t /w and o =b*/0, PP =1
forik=1,...,n, 1#k.

Proof: The Hecke condition (14) on S = a* ¢! @ e, boils down to the system of
equations

(20) aa" —a" = X%, a*dM =N, k£
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If one puts A = 1/w, then the general solution to this system is given by (19).
]

Note that the matrices wS and wR tend to 1®1 as ¢ — 1 if one takes a® = q/w
for all7 = 1,...,n. Otherwise one obtains non-quasiclassical solutions, which are
not relative to Lie bialgebras. The standard R-matrix (18) corresponds to the
choice b** = 1. The general solution deviates from (18) exactly by the Reshetikhin
diagonal twist, [R].

Example 4 (Baxterization procedure): The baxterization operation converts a
constant matrix solution, R, of the YBE to that with a spectral parameter,

(21) R(z,u) = zR — uR5},
provided R satisfies the conventional Hecke condition
(PR)* =w(PR)+191

with the matrix permutation P. The parameters z and « are usually represented
in the exponential form; then (21) is a trigonometric solution to the YBE. Set
Ny = zMat, (C)[z], N_ = LMat,(C)[], and D = Mat,(C). The inner product
in 9 is given by the formula (Az*, Bz™) = Tr(AB)é* ™. Thus we have built
an M-triple on Mat,,(C)[z, %] Now, put S = g and Q = -*-P. The result will
be proportional to (21) because wP = R — Rg'll. As in the case of Yang matrix
(9), one has to extend the Laurent polynomial algebra by the Laurent series.

5. On quantization of Belavin—Drinfel’d triples for si,,{(C)

5.1 (BELAVIN-DRINFEL'D TRIPLES). Consider a semisimple Lie algebra g with
the Cartan subalgebra f) and a polarization g = n_+h+n,. Let A and A* denote,
respectively, the systems of all, positive, and negative roots. Recall, [BD], that
non-skew-symmetric classical r-matrices associated to g are in correspondence
with the Belavin-Drinfel'd (BD) triples (I'y,T's,7) consisting of two subsets of
positive simple roots I';, ¢ = 1,2, and a bijection 7: I'y — T's preserving the
lengths of the roots with respect to the Killing form. The map 7 is assumed
to obey the nilpotency condition: for every o € I'y there is a positive integer
k such that 7#~!(a) € Ty and 7%(a) ¢ ;. It follows from [RS] (see also [BZ])
that the double Lie algebra D(g) is isomorphic to the direct sum g ¢ g with
the invariant inner product given by the difference of the Killing forms on the
two addends. The geometric description of g* as a Lie subalgebra in D(g) is as
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follows, [S]. Let A; C A be the subsystems of roots generated by T';, i = 1,2,
Denote by g; C g the semisimple Lie algebras with the root systems A;, and the
Cartan subalgebras h;. The bijection 7 is extended to a Lie algebra isomorphism
7: g1 — g2 such that gy @ 7(g1) has the trivial intersection with the diagonal
embedding g ¢ Id(g). In other words, 7 has no stable points. The isotropic Lie
subalgebra (g, +n) @ (Id(g1) + n_) lies in g*, and its complement (whose exact
form is irrelevant for our consideration) in g* belongs to b & h. The classical
r-matrix for g is recovered from the canonical element of the pairing between
g ®1d(g) and g* by projecting g & g to one of the addends.

5.2 (ASSOCIATIVE BD TRIPLES). We restrict our further consideration to the
case g = sl,(C). The triangular decomposition of g is taken to be that into
the diagonal, strictly upper- and lower-triangular matrices. The double D(g) is
represented in the direct sum of two matrix algebras 8 = Mat,, (C). The cyclic
inner product in %2 is induced by the functional tg2 = Tr & Tr, the difference of
the corresponding traces.

Denote by A(I) the associative envelope of a Lie algebra I in R2. Clearly
A(g ®1d(g)) = R ¢ Id(R), while A(g;), i = 1,2, are block-diagonal subalgebras
in R. Suppose that 7 may be extended to the (unique} algebra isomorphism

(22) 71 A(g1) — Alga)-

That is the case when and only when 7 preserves the orientation of the connected
components in ['; that is induced by an orientation of the Dynkin diagram. Such
Belavin-Drinfel’d triples are called associative in [Sch3].

Denote by § the subalgebra of diagonal matrices in fR. By projection to an
ideal in $ or $? we understand the projection along the complementary ideal.
Let I' C M denote the set of diagonal rank-one matrix idempotents 1; = el € 9,
i=1,....n,and Iy = I'n A(gi), i = 1,2. The homomorphism 7 defines a
bijection fl - fg, for which we use the same notation. We impose a condition
on this bijection assuming for every n € I'; there is the smallest positive integer
m(n) such that #™(n) ¢ I';. Like in BD triples, this condition means that the
map (22) has no stable points. This requirement holds, for example, if DNy =0
or 7(n) =k = k > 1.

5.3 (FROM ASSOCIATIVE BD TO M-TRIPLES). Denote by B the associative
subalgebra in (A(gy)+n )@ (A(g2) +n_) obtained by identification of A(g;) and
A(g) via 7. We define 9; and 92 to be the ideals in $* spanned by \['1@{0} and
{0}@f‘\f2 correspondingly. Both 0; have dimension n—m, where m = #fl. The
subspace ‘B is a two-sided module over the algebras 9;, so the sum B +0, 402 is
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closed under the multiplication. Its intersection d with R4 Id(9R) is a subalgebra
in 9.

LEMMA 9: Projectors v;: 0 — 0;, i = 1,2, have the full rank n — m.

Proof: We will prove the statement only for ¢ = 2 in view of the symmetry
1 ¢ 2, # ¢ 771 Let 5 € T\l'y. Define the sets Ty = {n, #(n),...,7™™(n)}
if p € T)\['s and T',, = {1} in case n € ['\(I'y UT3). They do not intersect
for different 7 and clearly T, N (I'\['2) = 7. The one-dimensional subspace in
H @ 9 spanned by the element (def" 3K (def" £) is evidently contained in
REBId(R). It is also contained in B + 0, + 0, because its projection to CIy & CT
lies in the subalgebra of B spanned by f] & %(fl). Hence it is a subspace in 0,
and its projection to 95 is Cn. |

COROLLARY 10: Algebras 9;, i = 1,2, and 'B are two-sided 0-modules.

Proof: The statement is obvious in what concerns 9;, because they are ideals in
H @ H. The sum B 4+ 0; + 0 is a direct sum of modules over its subalgebra of
diagonal matrices, which contains 9. This proves the statement for ‘B. |

Let us introduce the algebras

M=o RGR, Ny =12(0) D {0} B1(0) + {0} & B,

(23)
D=10)50, MN_ = {0} & RaIdDR).

The non-degenerate cyclic inner product in 9 is defined via the functional
tap == to, Dty2 = ty, b t; & tw, where tp, is tn restricted to 0.

THEOREM 11: Let (T'1,To.7) be a BD triple and 7 extends to the isomorphism
7 A(g1) — A(gs) of associative algebras with no stable points. Then, the
algebras M and M, = D + Ny, where ® and Ny are defined by (23), form an
M-triple.

Proof: First of all observe that 9 is a symmetric algebra. It is easy to deduce
from Lemma 9 that My N = N, NN_ = {0}. Further, dimM; = n and
dim® = dim?, from which we conclude that M =N_ + D+ NM_. Since D is a
unital subalgebra in 9M, it suffices to satisfy the conditions of Proposition 5, in
order to prove the theorem. Observe that M. are D-invariant. That is obvious
for 91_ and follows from Corollary 10 for 9. It is easy to see that M, are
isotropic. Along with D-invariance, this implies that M, are orthogonal to ©. It
remains to show that the pairing between 71_ and M, is non-degenerate. This
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is a consequence of the following two facts: firstly, the restriction of the inner
product to D is non-degenerate and, secondly, My are isotropic and orthogonal
to D. 1

5.4 (TuE R-MATRIX). To build the R-matrix associated with a BD triple
specialized in Theorem 11, let us compute the element @ € M, @ N_ first.
Let e, and f,, ¥ € AT, denote respectively positive and negative root vectors
normalized to (e,, f,) = 1 with respect to the trace pairing. We can choose them

among the standard matrix base {e}. Set 7| = 7 and 7 = 77

Assuming
i = 1,2, let us define the functions m;: A — Z in the following way. For v € A;
we set m;(7) to be the smallest positive integer such that (v} € A;; if v € A,
we put m;(y) = 0. We also introduce two-valued functions, 6;, on A; by setting
6.(v) =1if v € A; and 6;(v) = 0 otherwise.

By construction (23) of M4, the element @ coincides with the canonical element
of the pairing between g & Id(g) and g* in the off-diagonal sector. This part of

@ includes the following two addends:

ma(7)

(24) (OB ey B 01(V)er(y)) ® (0@ fr-r(r) D fr-r(1))s
£=0
my(7)

(25) —(0®92(7)f-?—1(7) @f’y)® (O@ka(,y) @efk(v)).
k=0

The part of @ involving diagonal matrices comprises

(26) —(m@0dn@Oenan), ngluly,

(27) —mz(%)(néBOEBn)®(0®f’°(n)®?k(n)), n € Ti\ly,
m(n) -

(28) =D (0@t 'men o 0e(maet(n), nelenly,

(29) - —(0a+ e e@O0ansn), nel)\l.

The element @ is the sum of terms (24)-(29).

To construct the R-matrix on the base of Theorem 11, we should satisfy the
Hecke condition for some § € %2, This problem is solved in Proposition 8,
formula (19), since D is isomorphic to C*~™ as a symmetric algebra. It follows
from the proof of Lemma 9 that the isomorphism C"™™ — D is given by the
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correspondence
m(7)

N\ 300 Y (0o () & #(n)).
k,i=0

Here, we assume m(n) = 0 if n & I'y.
Finally, to obtain the R-matrix in 9®2, let us apply the projection
M — {0} R P {0}. The result is

(30) R=(ro)(S)+ (rom)(Q),
where
~m(m) m(n;)

(31) ram)(S)= Y @) #Hm)e Y #m)

7 €0 =Ty t=0 k=0

m(n)
(32) ron@==-3 > n0im+ Y e 0fit Y e Als

nel;, k=1 yEAt o, YEAT, o<y

The symbol < means the partial ordering in A* which is defined by 71 ¢ < v
if 7%(c) = v for some k > 0. The numbers a¥ provide the principal solution
of the Hecke condition for C*~™ as stated by Proposition 8. Let us emphasize
that, besides quasi-classical R-matrices, we also obtain those which do not tend
to unit as ¢ — 1. For that, we take a'’ = —¢~!/w rather than q/w for some
i=1,...,n—m.

Example 5: The formulas (30)-(32) give the standard Jimbo R-matrix (18)
corresponding to empty [';. Indeed, the first and third terms in the expression for
(r®m)(Q) vanish, and summation over ! > 0 and k > 0 in (7®#)}(S) is cancelled.
Another extreme possibility is the BD triple with I'y = {n;, 72, .. ., Mn—1}, Iy =
{n2:m3, ..., }, and the isomorphism 7: 7; + 7;41. It leads to the solution to
the YBE called the Cremmer—Gervais R-matrix, [CG). In this case, the algebra
D is one-dimensional, so the Hecke condition is evidently fulfilled for any scalar
S = A. Thus we come to the one-parameter Cremmer—Gervais solution in the
form A + (7 © m)(Q). This is in agreement with [(H1]. Putting A = ¢/w, we get
the R-matrix of [H2] for the special value of the parameter p = 1.
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6. Concluding remarks

6.1. Let us note that a representation of the Cremmer-Gervais R-matrix by
the sum of two solutions to the YBE was used in [H1]. Such a representation
reduces the YBE to a relation between those solutions (.S and @ in our notation).
The associative Manin triples introduced in the present paper is an algebraic
construction designed to solve the relation of a special type, namely, expressed
by equations (15) and (16). We gave numerous examples of such triples including
those arising in the Lie bialgebra theory and the Belavin-Drinfel’d triples for
sl(n). We did not incorporate all the BD triples into our scheme, but only those
falling into the class appearing in the theory of associative YBE, [Sch3]. We
expect that our construction is applicable to all the BD triples considered in
[Sch3].

6.2. We would like to demonstrate how an extension of our construction ex-
plains deformation of the Yang R-matrix with a constant unitary R-matrix,
[BFS]. According to [BFS], the unit 1 ®1 in formula (9) may be replaced by any
matrix § € Mat, (C) @ Mat,(C) subject to the unitary condition S2;S =1® 1.
Below, we propose a construction representing the R-matrix as the sum S + @
of two solutions to the YBE satisfying equations (15) and (16). However, the
underlying mechanism is different from what was employed in Theorem 6.

Consider a disjoint triple 9 = MM_ b M, and select the subspaces MG of
“constants” in 94 consisting of elements annihilated by the actions > and «:
My >ME = {0} = MG <M. The subspaces MY are subalgebras, as follows
from (5), and the sum 9M° = M + M, is direct. In the case M = Mat,,(C)[z, 1],
My = Mat,(C)[2], M- = IMat,(C){1] considered in Example 1, 9 coincides
with Mat,(C). From (3) one has (a«® 8)Q = Q(B® «) for a, 8 € M. Therefore
equations (15) are satisfied if S € M @ M. If S solves the YBE, then the
YBE for S + @ is equivalent to (16). Since Q solves simultaneously the classical
and associative YBE (cf. formulas (2) and (7)), equation (16) holds, provided S
satisfies the unitary condition $52; = 1® 1.

6.3. An analysis shows that the developed technique cannot be applied, as it
is, to the other series of simple Lie algebras. An extension of our approach to
that case is an open problem.
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